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The Thermal Ortho-Para Conversion of ftrdrogtm 

1 ff'WVirr ^TIT?^ 

ftftrottoctjon 

Ti'e main activity pursued under Contract HR-361 with the 

Office of Naval Research has been devoted to a calculation of the 

rate of conversion of para-hydrogen to ortho-hydrogen in the gas 

phase at relatively high temperatures. The present report is in- 

tended to summarize the results which have been obtained to date as 

well as to indicate possible directions of future investigations« 

It was intended, as stated in the original proposal which was 

nade by H. R. I. to the Office of Naval Research, to calculate the 

rate of the thermal para-ortho conversion of hydrogen as a subsidiary 

problem in a more extensive consideration of chemical reaction kinetics, 

As it developed, however, this particular reaction soon posed diffi- 

culties that have persisted until the present. These difficulties are 

partly conceptual and partly mechanical (i.e., numerical complexity). 

The essential conceptual difficulty has to do with the notion 

of chemical species and how to formulate the expression for the prob- 

ability of chemical change occurring in a reacting system. In the 

present program each molecular species has been identified by suit- 

able quasi-stationary wave functions. The probability that transitions 
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vill occur from the reaotants to the products than is determined by 

the usual time-dependent perturbation theory of quantum mechanics. 

This formulation is not especially rigorous and additional investi- 

gation along this line seems desirable* Nevertheless, the formula- 

tion seems to be reasonable and can be justified in an approximate 

manner« 

The mechanical difficulties are associated with the lack of 

precise information regarding the (adiabatic) interaction between 

atoms and molecules, especially for small distances of approach to 

one another. The way in which these quantities enter into the expres- 

sion for the rate of chemical reaction makes for extremely complicated 

sums and integrals. Even if the interactions between atoms and mole- 

cules were known with great precision, it is doubtful if they could 

be handled in the present stage of development of the theory. 

The Wave Functions 

In order to obtain a physicallv meaningful result for the 

time rate of change of öhe probability of chemical transition, both 

the initial aud final wave functions associated with the transition 

must correspond to physically accurate descriptions of the system. To 

facilitate arriving at such wave functions ye may imagine a reacting 

system as being prepared in SOB» state which corresponds to a stationary 

solution of a Schroedinger*s equation in which an asymptotic or other 

J 
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approximation is made to the Hamiltonian of the system. Under the 

influence of the interaction (represented by the difference between 

the accurate and approximate Hamiltonians for the system), the wave 

functions for the system will no longer remain stationary. The 

changes that occur may be interpreted as consisting of two kinds: 

(1) non-chemical changes and (2) chemical changes. The non-chemical 

changes represent the usual kind of scattering in which the configura- 

tional structure of the system reaains unaltered. The chemical changes, 

which are of interest here, are those in which the configurational 

structure of the system is altered. 

In attempting to describe in this way the changes that oc- 

cur in the system, it is convenient to assume that the perturbation 

interaction consists of two different kinds of terms, each contribut- 

ing to the kinds of change mentioned. To provide a description that 

will emphasize the chemical changes, it seems clear that the descrip- 

tion of the system, when as products or reactants, should already con- 

tain the effects of non-chemical changas. This may be accomplished 

by selecting as "zero-order" wave functions either stationary or 

non-stationary solutions of Schroedinger's equation with Hamiltonians 

containing the scattering, but not the chemical, potentials. We 

have adopted the latter course, following a procedure first intro- 

duced by Weisskopf and Wigner' ' and employed subsequently by Wilson* '. 

For the elastic scattering by a central field of force, we have obtained 

(1) V. Weisskopf and E. Wigner, Zeits. F. Physik., 6j, 54-, (1930), 
65, 18, (1930). 

(2) A. H. Wilson, Proc. Camb. Phil. Soc, ^Z» 301, (1941)* 
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the wave function describing the relative motion between the center 

of nase of a molecule and an atom in the form 

F(?f?) - (1/vh  2 (2i*-l) in in(k) jL* fkr/B) Pn(k.?/kr),       (l) 

where 

k is the momentum  vector for relative motion of *he 

oenters of mass of the molecule and the atom, 

* 

r   is the vector distance between the centers of mass. 

a¥X   1» * Bpberical Bessel function of order n, 

P_ is a lagendre function of the first kind of order n, 

An(k) - £ i • ^fW^ilbAJ^^ -1' 

f(E]t) is the density of free particle states per unit energy, 

y(r) is the central field potential between the molecule and 

atom, to account for the elastic scattering, 

V is the region of normalization of the wave function« 

The initial (reactant) wave function is taken to be a pro- 

duet of a molecular wave function and that expressed in Eq. (1)* A 

similar form is adopted for the final (product) wave function. Ex- 

plicitly, omitting the motion of the center of mass of the triatomic 

system of interest here, the initial wave function for a reactant state 

is taiien as (Refer to Fig. 1), 

V^i      "    \[ai*<$    -fl)]     Il(?/1>    T&,%). (2) 
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vhere« 
(3) 

HQ is a normalized hermite orthogonal function, 

Ts   is a normalised spherical harmonic, 

x is the momentum of relative motion between the 

centers of mass of the Initial diatomic molecule and the 

initial atom, 

ft,    is the equilibrium distance between the atoms of the 

initial molecule. 

For the final (product) configuration a similar result obtains by 

replacing j by ^ , x ly 7, »1 by aj, etc., and making the appropriate 

identifications. 

yhe Reaction Probability 

The average time rate of change of probability of chemical 

change is taken to be the average over all initial (reactant) states 

and the sum over all final (product) states of the time rate of 

change of probability of transition* Explicitly, we have employed 

the expression 

i .   (2 *-/*)£ e"< V*) K(K+l)a-(nh>VkT) f & ,-<x2/2/, jja) g 

K^ (2K+1) 0-(«i/itf)I(IfD e-(nh^/kT)J&  9-(x
2/^ Id) (3) 

(3) See S. Golden and A. M. Peiser, J. Chem. Phys. 12, 63O, (194.9/ 
for a detailed definition of many of the quantities that appear 
in Eq. (2). 

U 
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where 

S = Z  (* X,L,m,n) .    | ^      f («! - Ef)      g^   gL ^ | # 'I $ >\\ 

which say be recognized as being related to the transition probability 

summed ove:   til degenerate energy states:,    Here  //'denotes the per- 

turbation potential that is assumed to be responsible .for the chemical 

transition 

The Matrix Elements 

To   evaluate Eq.  (3) we have been obliged to make rather 

drastic approximations tc the matrix elements implicit in S (x,X,l, 

m,n).    The:i» approximations are twofold:     (l)    the perturbation po- 

tential y* is assumed to be singular at some specific configuration 

of the reacting system;  (2)    the molecular wave functions are suf- 

ficiently localized in configuration space to permit an additional 

singular approximation to be made when integrations are performed 

over the pertinent coordinates,    (One may note that in the cases 

of symmetry such as obtains in ortho-para hydrogen transitions, these 

approximations exclude transitions in which the vibrational state of 

the products is different from that of the reactants.    This approxi- 

mation was examined in some numerical detail and appeared to be quite 

reasonable.} 
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The first approximation amounts to evaluating each vave 

f-jaetion in the expression 3(S£x,L,m,n) at some configur*.tiot, indi- 

cated by tha nature of the perturbation potential 7/t 7, $and assuming 

that 

For simplicity, we omit the details and present the result obtained 

after an integration over the orientations of the initial relative 

momenta« vector is carried out« 

(d/lx   3   - ^^HJAl I (aBH)*(2L*l)*  G^y), 
«/ h3 

(5) 

where 

Oa(x»y) s 

,((2j+l)*P (s^Cad |BB{yf ^^(yRz/H) ?m(z)| (2Lfl)*Pi,(*)> 

and B(y) is a function analogous to A(x), except that the general 

triatomic system will require possibly different elastic scattering 

potentials for the reactants and the products; Ri, R2 are the values 

1 

I 

) 



of the distances between the centers of mass of the atom and the mole- 

cule, viewed as reactants or products respectively, for which the per- 

turbation potential is assumed to have its singular value. Hote that 

• is related to j through the conservation of energy in the transi- 

tion. 

To carry out th» computation of GJQ, it is necessary to specify 

R^ and H2 as veil as the elastic scattering potentials of the reactants 

and the products (which determine A(x) and B(y), respectively). To 

determine the elastic scattering potential between hydrogen atoms 

and hydrogen molecules, we have estimated the electronic energy of 

interaction at various configurations of the system by means of the 

Heitler-London approximation.    Thoseconfigurations were selected 

that resulted in expressions for the interaction energy in terms of 

the ' 23 ax1^   /L,    states for molecular hydrogen. It was found that 

a considerable portion of those configurations which were examined 

could be fitted to the form 

a r,  , -11 - 2«11 r2 
V(r) - 2.33 x 10   e       ergs 

where £, the distance between the center of mass of the molecule 

and the atom, is expressed in Angstrom units* This result is quite 

similar to that which has been found by Amdur, as a result of 

(J0 T. London, Probleme der modernen Physik (Sommerfeld Festschrift), 
(S. Herssel, Leipaig, 192ö), p. 104.; Leits. F. Elektrochemie, 21 
552(1929). 
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scattering experiments. •* 

In the computations which we have made: Rj *od «5 were taken 

to be one-half the equilibrium distance between the molecular hydrogen 

atone,    (we now feel that this choice, which correeyOuäa 10 « coinci- 

dence of the free hydrogen aton and one of '.Lose *sHoc.iated with the 

molecule, is not a rejry good r»ne and that UJZP 5 wptrtant contributions 

to cheadcal transition nay cooe fron regions farther röfforad, where 

the wave functions are appreciably larger in magnitude.) 

we have unfortunately beer unable to obtain anything more 

than the crudest estimate of   %  #   from £q. {4), it can be seen that 

9iT     is essentially the integrated Interaction energy in the region 

assumed to be important for chemical transitions«   For the region whish 

we hare assumed to be important, we h-vs estimated this quantity from 

the repulsive energy between two hydrogen atoms.    Using the repulsive 

portion of the Morae curva,   M have been able to obtain the value 

^f   «• 2.13 r 3»>-36   ergB ea3.    TiJciag the     2,  repulsive state of 

hydrogen, and restri.e*/l3g the region of importance to about 0.2 

Imgstrom units,     \fQ - 13.1 x 10"36 trgi c cm3.    Clearly, j/^ de- 

pends str.i^jc  '.vport the form assumed for the Interaction between hy- 

drogen atoms at small distances of approach«    as indicated by the 

two aforementioned values, the rate calculated will change by a 

factor of «beat fifty, depending on which of these values is employed« 

The foregoing results may be incorporated into the expres- 

sion for the rate of chemical transition and a result is ob*i*nod for 

the matrix elements apart from factor« due to the nuclear v:.^* functions. 

(5)    I. amdur, J. Chem. Phys.,    U,157 (1943J. 
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Ibe Huclear Weights 

Because the hydrogen atoms possess nuclear spin,  it is 

necessary to take into account the matrix elements tb^.ii involve 

the nuclear wan/e fractions.    The nuclear wave functions that must 

be used depend upon the symmetry or anti-symnsBtry of the rotatieaai 

states of the reactants and products, respectively«    Inasmuch as the 

energy states of the system are degenerate in tho nuclear states, 

it is necessary to sum over all such nerate states, in accordance 

with the weight determined from the nuclear matrix elements. 

We carried out the counting operation involved but omit the 

details„   For the transitions of para-hydrogen to ortho-hydrogen we 

find that the rate expression should be multiplied by (3/4)«   Simi- 

larly, a computation fcr transitions of ortho-deuterium to para-deu- 

terium gives the factor (1/4)* 

Results 

We have combined the foregoing considerations and have com- 

puted the rate of conversion of para-hydrogen to ortho-hydrogen at 
o 

tenqperatures in the vicinity of 1000 K. 

With the approximations stated above, Eq.  (3) for the aver- 

age reaction probability can be reduced to (numerical)quadratures« 

For ortho-para transitions of any of the isotopes of hydrogen, we 

obtain for the rate constant associated with the rotational states 
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K and L, 

where 

^ 
32   U2» 

3/2 r* 97T- *7 
•    (3»/kT) o 

5/2 

</ o 

J u du (2K+I)£(2in£ GJJL &&, 2fe) 
' xe-(3<r/kT)u2      ' 

K o 

u 

• 

(6) 

Avogadro's number, 

x//ar, 

y ^ /2fi, end is related to u by conservation of energy, 

the rotational constant for the molecule« 

The overall rate constant is given by 

k (cc.g.mol* sec""^ g - <r «*!>/*   (7) 

Bq.  (7) must be multiplied by a factor of 2 to take into account 

ths symmetry of the molecule, and by the nuclear factor discussed 

above, 

it 1000 £ ve obtain for para-ortho hydrogen, 

+12 -1       -1 
k   *    0.018 x 10 cc. g.mol      sec    , 

with the larger- of the two values of    Vö   given above.    This result 

is approximately one-hundrsdtb of the observed value,v '      The rate 
o 

of conversion at other temperatures,  relative to that at 1000 K,  is 

(6)    A. FarkaB and L. Farkas, Proc.    Royal Soc, 152A.  124 (1935). 

>j 
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Figur? a 

Rate of Para-J^Ortho Conversion of Hydrogen 

(flalatlY« to Bate at IPQ0°*) as • 

Function of Temperature 
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plotted in Figure 2.    It will be noted that the temperature coeffi- 

cient leads to an apparent activation energy of 4.6 kcal/g.mel. while 

the experimental data lead to a value of 6.0 kcal/g.uol. 

In Figure 3, we present plots of the distribution of final 

products according to their rotational state (obtained by sunning the 

terns in Equation (17) over all K for a fixed L).    The plot presented 

gives tha relaiiva probability divided by (?l*l), the latter quantity 

representing the statistical weight of the state.    This sort of a 

plot permits the ready determination of the "rotational-temperature" 

of the products of reaction, which has been indicated.    It is interest- 

ing to note that no very large difference is obtained between the "ro- 

tational-temper?* urc* and the actual temperature of the reaction« 

Presumably this result is associated   'ith the fast that the overall 

reaction is virtually isoenergetic« 

We havo r>an able to estimate the rate of the ortho—to-para 

convoreion of deuterium directly in terms of the results for hydrogen. 

Heferring to Equations (£) and (7), it will be noted that a change 

in the mass of the sy«tem produces a change in the expression for 

the average rat« constant.    Soae of the dependence upon the mass is 

implicit in ths function GJQ, (x,y), since the denaity-in-energy 

P ^k) vi^-1 depend upon the mass of the system.    We have examined 

thie dependence and it appears that except for very large or very 

•mail energiee of relative motion.   Un(k)|     will vary inversely aa 

't-~J 
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tbe square of the mass of the system. Accordingly, since the rota« 

tional constant <T depends inversely on the mass of the system, we 

find that the rate constant at temperature T for any isotope of hydro- 

gen is,apart from nuclear factors, 

3 
k (Tj isotope) « (üb_) k(5— Tj hydrogen),     (8) 

• »h 

where m and a^ are the respective masses of the isotopic atom and 

the hydrogen atom. 

For the ratio of the rate constants for deuterium and hydro» 

gen we have obtained at 1000 a. 

3afo jortho-fo-para, deuterium)    . 0.20, 
Rate (para-to-ortho hydrogen) 

while Parkas and Farkas (Ref. 6) report the value 0.24. 

If the approximations leading to Equation (8) are justifiable, 

it follows that the apparent energies of activation for the ortho-para 

reactions of the isotopic species of hydrogen should vary inversely 

as the mass of the isotope.    This conclusion is at variance with the 

usually held opinion regarding these quantities.    However,  a careful 

examination of the existing data available for the ortho-para deuterium 

conversion reveal« that the data are incapable either of confirming 

or denying this result. Indeed, there seem to be no reliable data 

for this reaction that will permit its apparent energy of activation 

1 I 
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to be determined directly, with an accuracy comparable to that which 

ia available for the corresponding hydrogen reaction. 

Discussion, 

We have indicated throughout the body of this report the na- 

ture of the approximations which we have been obliged to make, and 

thereby offered an indication of the lines cf investigation which 

might profitably be undertaken in the future» The major points are 

listed below. 

(1) Of paramount importance to this kind of investigation 

is the notion of chemical species, Ve feel that an investigation of 

suitable and consistent criteria for identifying the reactants and 

products of a chemical change is sssential. Many of the difficulties 

which have been encountered in the present investigation could be 

avoided (formally, at least) were such criteria available. The ques- 

tion of the proper wave functions to be used, for instance, would un- 

doubtedly be clarified considerably. 

(2) The nature of interaction potentials between atoms and 

molecules for small distances of approach is a necessary adjunct to 

the study of reaction rates. Here the problem appears to be of con- 

siderable numerical complexity, but well-defined conceptually. 

(3) Special attention should be devoted to application of 

modern automatic computing machinery to evaluate sums and integrals 

developed from the theory. It seems unlikely that reasonably accurate 
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results from a more accurate theory will be obtained unless the 

numerical confutations are obtained from machines. The effort is 

too great and time consuming when the computations are done by 

desk machine. 

(A)    Particular attention should be devoted to the design 

of experiments that will furnish more elementary information on 

chemical transitions. This would avoid the considerable difficulty 

of averaging over the distribution of states of the reactants in order 

to obtain a result comparable with conventional experimental results. 

The experimental techniques employed by the physicist in similar 

cases seems to be most appropriate from the theoretical point of 

view. 

Inasmuch as some of the conclusions that are obtainable 

from the approximate theory which we have employed lead to results 

at some variance with conventicr?] 'theories, it would be especially 

helpful to test these conclusions. This would indicate, at least, 

the directions to be undertaken in the nature of approximations 

which can be made« 
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